The running of the coupling is studied in SU(4) gauge theory using the Schrödinger functional technique. Up to energies of the order of the square root of the string tension σ, the running is found to agree with the two-loop perturbative formula. Relating the perturbative to the non-perturbative regime of the running and converting to the M S scheme allows one to extract the ratio Λ M S / √ σ. The result is then used in combination with similar calculations present in the literature for SU(2) and SU(3) to extract Λ M S / √ σ in the large N limit. Our results for N = 3, 4 agree with a recent study of the same quantity performed using the Parisi mean field scheme as an intermediate scheme, while Λ M S / √ σ in SU(2) turns out to differ by 2.5%. Possible explanations of this discrepancy are discussed.
Introduction
Asymptotic freedom [1, 2] is one of the signatures of non-Abelian gauge theories. At short distances, the coupling is small and perturbation theory can be successfully used to compute observables. By dimensional transmutation, a scale is generated (of mass dimension 1) whose order of magnitude is dictated by the dynamics of the theory. In perturbation theory, it is convenient to associate with this scale the dimensionful multiplicative constant of the integrated perturbative beta function, which is called the Λ parameter. The value of the Λ parameter depends on the chosen perturbative scheme. Different regularisation schemes define different couplings. A good scheme is conventionally one for which low-order perturbative calculations work at energies close to the non-perturbative scale of the theory.
However good the scheme is, at long enough distances (low energies) the theory becomes inherently non-perturbative, and confinement sets in. In SU(N ) gauge theories (or more generally in theories with unbroken fundamental centre), this regime is characterised by the tension of the confining string, σ, which has dimensions of mass squared. Since SU(N ) gauge theories are theories with only one dynamically generated scale, it must be possible to relate Λ and σ. For SU (2) and SU(3) gauge theory, this program has been successfully carried out by the Alpha collaboration [3] [4] [5] using the a function of N using the SF technique. To this end, first we formulate the problem of the running of the coupling for SU(N) gauge theory in the SF scheme (Sect. 2) and numerically determine the value of Λ M S / √ σ for SU(4) following the procedure described in [3, 4] (Sect. 3). Then, using results available in the literature for SU (2) and SU(3) complemented with recent lattice determinations of the string tension, we discuss the behaviour of Λ M S / √ σ as N → ∞ (Sect. 4), comparing our results with those of [22] , where the Parisi mean field improvement [23] is used as an intermediate scheme. A discussion of systematic errors follows (Sect. 5). Finally, we draw our conclusions in Sect. 6 . A partial account of our calculation has already been published in [24] .
The Schrödinger functional in SU(N ) gauge theory
Following Ref. [7] (to which we refer for further details), we shall introduce the SF in SU(N ) lattice gauge theory. Consider two states C and C ′ in the Schrödinger representation of a system described by the Hamiltonian H, whose associated action is given by S. The Schrödinger functional is the probability amplitude for C ′ at time t starting from C at time 0:
where φ is the generic field configuration and D[φ] the measure of the path integral, which is taken at fixed boundary conditions. For a SU(N ) lattice gauge theory on a volume V = L 4 with L = na (n being an integer and a the lattice spacing), described by the Wilson action, Eq. (1) becomes
where Γ[C, C ′ ] is the effective action of the system with the specified boundary conditions. The Wilson action appearing in the above definition is given by
where U (p) denotes the parallel transport of the link variables U µ (x) (x = (x 0 , x 1 , x 2 , x 3 ) being a lattice point of integer coordinates and µ = 0, 1, 2, 3 the lattice directions) over the elementary square of the lattice (plaquette) p and g 0 is the (bare) lattice coupling. The sum in Eq. (3) must be taken over both orientations of the plaquettes. The boundary links W are required to satisfy inhomogeneous Dirichlet boundary conditions for k = 1, 2, 3,
where C k and C ′ k are spatial boundary fields which need to be chosen. Fixing the boundary field induces a background field in the bulk, and it is desirable to choose boundary fields which minimise the effect of the finite lattice spacing. It was shown in [7] that, for N colours, the optimal choice are constant Abelian fields,
Unitarity and stability considerations of the background field constrain the angles,
and similarly for φ ′ (from here on we drop the suffix k on the angles and use the same choice for k = 1, 2, 3). The ensemble of points satisfying the constraints (6) is referred to as the fundamental domain. The effective action can be written as an asymptotic series
In this expansion, Γ 0 is the classical action, which can be evaluated analytically. The previous equation could be used directly to define a renormalised coupling via Monte Carlo simulations of the SF. However, the numerical determination of an effective action is a notoriously difficult problem. To get around this difficulty, one generally measures derivatives of the effective action. By introducing a dependence of the boundary links (and thus of the background field) on a real dimensionless parameter η, we can then define a renormalised coupling as
for a particular choice of η. The SF technique allows one to explore the running of the coupling for a wide range of energies, connecting the perturbative to the non-perturbative regime. On the lattice, for each energy scale E i probed, in order to extrapolate to the continuum limit, multiple simulations must be performed at different lattice spacings; hence, different bare couplings are needed. Those couplings (ordered from the one corresponding to the coarsest to the one corresponding to the finest simulated lattice spacing) are labeled sequentially by a second index j. Thus, we define g i,j 0 as the jth bare coupling at the energy scale E i , or, equivalently, the length scale L i = 1/E i . The running of the coupling is computed using a recursive procedure. We start by fixing the renormalised coupling for all g 0,j 0 in such a way that it is equal for the whole set, within errors. This common value of the renormalised coupling is calledḡ 0 . Then, for each bare coupling g 0,j 0 , the renormalised coupling is evaluated for boxes of size 2L 0 (by doubling the number of lattice sites in each direction) and the continuum limit is obtained by assuming a linear dependency in a/L and extrapolating to a → 0. We call the extrapolated valueḡ 1 . Returning to a small lattice once again, a new set of couplings g 1,j 0 is then chosen in such a way that the value of the renormalised couplings for the size L 1 matchḡ 1 . This ensures that the physical size of the box for the set g 
where
Putting together the determination of L l ≡ L M AX in terms of √ σ and Λ SF , the value of Λ SF / √ σ can be worked out.
In order to compare with other determinations, the SF scheme should be related to a more widely used scheme, e.g. the M S. Two regularisation schemes can be related by using first order perturbation theory. Consider two schemes, A and B, in which the couplings g A and g B are defined. The corresponding Λ parameters are found through the one-loop beta functions:
where K is the length scale at which the coupling is measured. Putting together the two previous relationships yields
From a first order perturbative calculation of a physical quantity one gets
where k is a constant depending on the details of the schemes. Once k has been determined, we can rewrite the ratio of the Λ parameters as
To relate the SF and M S scheme we can use the lattice scheme as an intermediate step, computing Λ SF /Λ L and Λ M S /Λ L . The perturbative calculation relating the lattice and the SF schemes is described in [7] , while the ratio Λ M S /Λ L for SU(N ) gauge theories (determined in Ref. [25] ) is given by
Other perturbative calculations of Λ M S /Λ L [26, 27] give slightly discrepant results. However, the uncertainty coming from this perturbative calculation is some orders of magnitude smaller than the error on Λ SF /Λ L , and can safely be neglected.
The running of the coupling in SU(4) gauge theory
We now specialise to SU(4). The fundamental domain can be described symmetrically by defining a one-to-one map between the set of angles (φ 1 , φ 2 , φ 3 , φ 4 ) and a point V in a certain bounded three-dimensional region,
where e i are the weights of the Lie algebra of SU(4) in the fundamental representation, normalised as e i · e j = 1 3 (4δ ij − 1). With this normalisation, the vertices v i of the fundamental domain are
Figure 1: The fundamental domain and its two planes of symmetry. The points marked x correspond to the angles (18) .
describing a skewed tetrahedron (Figure 1 ). One must then select, from inside the fundamental domain, the set of angles for each boundary, C k and C ′ k , each set corresponding to a point inside the tetrahedron. These points will be members of a one-parameter family of angles parameterised by η, through which the renormalised coupling is defined by (8) . In principle this choice is arbitrary and of no conceptual significance; however the signal-to-noise ratio of the Monte Carlo evaluation is highest when (i) the points are well away from the domain's edge, (ii) they are as far as possible from each other, and (iii) the two boundaries are on an equal footing. Geometrically, this corresponds to choosing two points related by a symmetry of the fundamental domain.
We choose the two points to be related by the symmetry reflecting about the plane through v 2 and v 4 , and make the particular choice
With this choice, we set η = 0 and compute the renormalised coupling (8) by calculating the expectation value of the observable
where c = diag(−
2 ), and a similar expression holds for E ′ (x). In our simulations, we have used the Cabibbo-Marinari algorithm, with one heat-bath update for every four over-relaxation steps. For the highest values of β = 8/g 2 0 (i.e. smallest bare coupling), the number of configurations generated for each data point is of order 10 6 , and this number increases for decreasing β, up to ∼ 10 7 configurations for the lowest β.
Following the outline of Sect. 2, we have performed four sets of simulations, each at three different lattice spacings. The results are shown in Tab. 1. Using the data in columns 2 and 4, we have extrapolated the renormalised coupling to the continuum using a linear fit in a/L, with a reduced χ 2 of ∼ 0.1 for each fit. Although in principle higher order corrections in a/L would need to be considered, the quality of the fit (showed by the low value of the χ 2 ) suggests that the dominating contribution comes from the term proportional to a/L. The extrapolation is plotted in Fig. 2 and the result is shown in column 5 of Tab. 1. All the errors shown are statistical. Note, however, that there is an accumulation of errors due to the iterative nature of the procedure. This is because the statistical error in the extrapolated value of the renormalised coupling for some set i (column 5) leads to an uncertainty on the value to which we tune the renormalised coupling in the next set i + 1 (column 3). As in [3] [4] [5] , it is convenient to interpret this mismatch as an error on the scale going from L i to L i+1 , and thus also from L 0 to L M AX . The mismatch is small, so we can integrate the two-loop beta function to estimate the implied error on the scale at each stage, and then add the errors together in quadrature (since they come from independent sets of simulations). We find that L M AX = (2 4 ± 0.04)L 0 .
At the most non-perturbative point (i.e. forḡ 2 = 2.4645), we can express the scale in units of the string tension. In Tab. 2, we quote the bare coupling at fixed renormalised coupling for different values of L/a, and the corresponding string tension √ σ in lattice units extracted using the interpolating formulae in [14] supplemented by [3] and the string tensions from [14, 22] . newer data in [22] 1 . The values of L M AX thus obtained then need to be extrapolated to the continuum. This requires a delicate fit, as it has been found (see e.g. the discussion in [28] ) that lattice corrections are large in both leading and next-to-leading order. We fit using
and estimate the systematic error by varying the extremes of the fit and noting how much the extrapolated value shifts. This leads to a value of L M AX √ σ = 0.910 (40)(100) where the first parentheses give the statistical error of the fit, and the second give our estimate of the systematic error. Using (9), this gives
where the value in MeV is obtained using √ σ = 420 MeV. Finally, we have calculated the ratio Λ M S /Λ SF = 2.08114(34) (22) and, at the same time, calculated the improvement coefficient c
(1) t = −0.12005(15) (in the notation of Ref. [7] ). This immediately leads to
We plot the renormalised coupling against the energy scale using the lattice data, together with the one-and two-loop perturbative predictions in Fig. 3 . As was found in the previous studies of SU (2) and SU(3), two-loop perturbation theory gives excellent agreement with the data up to the scale of the string tension.
Large-N limit
Using the data for the SF from Refs. [3, 4] and the data for the string tension from Refs. [14, 22] , we can compute the ratio Λ M S / √ σ for SU(2) and SU(3) gauge theory [4] and the string tensions from [14, 22] .
2.0487 4 2.0811 Table 5 : Conversion coefficients from the SF scheme to the MS scheme.
in analogy with the SU(4) case discussed in the previous section. The only difference appears in the case of SU (3), where the simulations have been done with a Symanzikimproved action. Here we expect the linear coefficient in (20) to be small (but not zero as the improvement is only calculated to 1-loop in perturbation theory), and indeed we observe this in our fit where we find c 1 = −0.20 compared to c 2 = 3.12. We also fit with c 1 set to zero, and take the difference as an indication of the systematic error. For convenience, we report the data we have used for the extrapolations in Tabs. 3 and 4.
In the continuum we find
for SU (2) and
for SU (3) . Using the conversion factors in Tab. 5, those results imply
and
for SU(2) and SU(3) respectively, where the first parenthesis is the statistical error and the second is an estimate of the systematic error coming from the uncertain form of the fit. A reliable determination of the large-N limit of Λ M S / √ σ with the SF technique requires the determination of this quantity at larger values of N , which is outside the scope of this work. However, since a calculation in the large-N limit of this quantity has been provided in [22] , we can compare our data with the extrapolation reported there, to check the effects of possible systematic errors. We find that the results for N = 3, 4 are in good agreement, while for SU(2) the value of Λ M S / √ σ obtained with the SF technique is higher (2.5% when systematic errors of both calculations are included). However, there are indications that the SU(2) case is problematic in both calculations: with the SF technique, the extrapolation to the continuum limit proves to be less controlled than for SU(3) and SU(4) (an issue that can be resolved in principle by including larger volumes or using an improved action to determine the running of the coupling), while for the Parisi mean field method the plaquette in SU(2) might be affected by the end point of the bulk transition in the fundamental-adjoint plane (we refer to [22] computed with two independent methods shows that at large N the systematic should be under control in both cases.
Systematic errors
As we have seen in the previous section, albeit with larger errors, our results agree with those reported in [22] . In order to better assess the scope of our findings, in this section we shall discuss in detail the systematic errors of our calculation.
The main sources of systematic errors are the following:
Extrapolation of L M AX
√ σ to a = 0. We have already mentioned that this is the biggest source of error in determining the Λ-parameter. In order to extrapolate L M AX √ σ to a = 0, the string tension is measured for a number of lattice spacings and then the a → 0 limit is taken according to Eq. (20) . The difficulty is the largeness of both coefficients c 1 and c 2 . We also have no information about the rest of the series. By changing the extremes of the fitting interval and comparing with fits including also cubic terms (where there are sufficient values of the string tension), we can measure the spread of those results to obtain a handle on the systematic error connected with the extrapolation. These rather large sys-tematic errors could be improved if data for the string tension were available on finer lattices. We have systematics of 8%, 4%, 12% for SU(2), SU(3) and SU(4) respectively.
2. Interpolation of the string tension. The error connected with the interpolation of the string tension can be easily evaluated by interpolating at values for which the string tension has been directly measured. Typically this error is also well below 1%.
3. Determination of the Λ parameter using the two-loop beta function. The Λ parameter is determined by assuming the validity of the two-loop beta function at the most perturbative point. In principle we don't know at which energy scale the theory is well-described by two-loop perturbation theory. If the onset of the two-loop regime happens at lower energy scales, we could have used the second most perturbative point to determine Λ SF . This procedure gives a systematic error of about 4% for SU(3) and less than a percent for SU (4) . On the other hand, it might be possible that two-loop perturbation theory fails even for our most perturbative point. To check that, we have used an approximation to the three-loop expression
where the scheme-dependent three-loop coefficient β SF 2 has been determined in combination with Λ SF using the two most perturbative points. We found that the corresponding systematic error is of order 5%. Starting at slightly lower coupling will reduce this error significantly.
4. Scale uncertainty due to accumulation of iterative errors This has been explained in Sect. 3, and contributes at under 1%, so can safely be neglected.
5.
Large-N extrapolation. The large-N extrapolation uses diagrammatic predictions truncated to leading correction in 1/N . The truncation error and the onset of the large-N regime can be determined respectively by adding higher order corrections and by excluding points at small N . Due to the fact that we have data only for three N values, we do not have an estimate for these errors in our calculation.
To sum up, an estimate of the total systematic error is 15%, much greater than the statistical error, and almost all which comes from point 1 above.
Conclusions
In this work, we have formulated the Schrödinger functional for SU(4) lattice gauge theory and studied it numerically. The resulting running of the coupling seems to be correctly described by two-loop perturbation theory down to energy scales of the order of √ σ. This could be an indication of an underlying exact β function [29] , at least at large N [30] . Our results were also used to determine Λ M S . Using our calculation and the calculations for SU (2) and SU(3) given respectively in Refs. [3] and [4] , we have performed a comparison with the extrapolation to N → ∞ of [22] , finding good agreement. Although the limited number of points in our study (N =2,3,4) does not allow us to perform a large-N extrapolation, it is reassuring that the two studies give compatible results, as the dominant sources of systematic errors are different in the two cases. In order to perform a controlled extrapolation to N = ∞, we are currently extending the calculation to N = 6, 8. This will also require reducing the current systematic error on the value of Λ M S , which mostly comes from the extrapolation to the continuum limit of L M AX . The smaller systematic error in SU(3) with respect to SU(2) and SU (4) suggests that this can be achieved by using an improved action that suppresses the linear term in a √ σ. Finally, it would be interesting to compare the running of the coupling in the SF scheme to the running in the recently introduced interface tension scheme [31, 32] .
